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Abst rac t - -Th is  letter considers the global asymptotic stability of the well-known SIR epidemic 
model with a time delay. The eventual lower bound obtained by the method given in [1] can be 
successfully applied to give the length of the time delay ensuring the global asymptotic stability of 
the endemic equilibrium point. (~) 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
In this letter, we shall consider the global asymptotic stability of the following well-known SIR 
epidemic model with time delay: 
E;(t )  = - f lS ( t ) I ( t  - h )  - #zS(t) H- b, 
; i ( t)  = gS( t ) I ( t  - h )  - #21( t )  - A I ( t ) ,  
/~(t) = M( t )  - #an( t ) ,  
( i . i )  
where S(t) + I(t) 4- R(t) = N(t) denotes the number of a populat ion at time t; S(t), I(t), and 
R(t) denote the numbers of the population susceptible to the disease, of infective members, and 
of members who have been removed from the possibility of infection through full immunity, 
respectively. It is assumed that  all newborns are susceptible. The positive constants ~1, ~2, and 
#3 represent he death rates of susceptibles, infectives, and recovered, respectively. It  is natural  
biologically to assume that  #1 <_ min{#2, #3}. The nonnegative constant h is the t ime delay. For 
the detailed biological meanings, we refer to [2-7]. 
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The initial condition of (1.1) is given as 
s(o)  = I(o) = R(O) = ( -h  < 0 < 0), (1.2) 
where ~ = (~1,~2,~3) T E C, such that ~oi(0) _> 0 ( -h  < 0 < 0, i = 1,2,3). C denotes the 
Banach space C([-h,  0], 7~ a) of continuous functions mapping the interval [-h, 0] into 7~ 3. By a 
biological meaning, we further assume that pi(0) > 0 for i = 1, 2, 3. 
With a standard argument given in [8-10], it is easy to show that the solution (Sit), I(t), R(t)) 
of (1.1) with initial condition (1.2) exists for all t > 0 and is unique and positive for all t _ 0. 
(1.1) always has a disease-free equilibrium (i.e., boundary equilibrium) Eo = (So, 0, 0), where 
So = b/#l. Furthermore, if
b S* #2 -]- A 
- -  > - -  (1 .3 )  So = m ~ ' 
then (1.1) also has an endemic equilibrium (i.e., interior equilibrium) E+ = (S*,I*, R*), where 
I* = (b - #1S*)/(13S*) and R* = A(b - #1S*)/(#3~S*). 
Stability of (1.1) was studied in [2,3,11-13]. It is shown that, while the endemic equilib- 
rium E+ is not feasible (i.e., So _< S*), the disease-free equilibrium E0 is globally asymptotically 
stable for any time delay h. If E+ is feasible (i.e., So > S*), E0 becomes unstabte and E+ 
is locally asymptotically stable for any time delay h. As for the global asymptotic stability 
on E+, some sufficient conditions were obtained in [3,12]. Recently, the permanence of (1.1) 
has been considered in [13]. It is shown that, while E+ is feasible, there exist positive vectors 
(vl, u2, va) and (M1, M2, Ma) such that for any solution (S(t), I (t) ,R(t))  of (!.1) with initial 
condition (1.2), we have that the inequalities l iminft_~+~(S(t), I(t) ,R(t))  > (/21,112,/]3) and 
l imsupt_~+~(S(t), I(t),  R(t)) < (Mz,M2, M3) hold for any time delay h. In biology, the result 
in [13] actually implies that (1.3) is the threshold of (1.1) for an endemic to occur. However, 
in [13], the existence of u2 has only been proved based on some abstract heories on dynamical 
systems given in [1,14,15], and it did not give an explicit formula for u2. In this letter, we will 
give an explicit expression for v2 by using some techniques given in [16], and hence, we can also 
give a sufficient condition for the global asymptotic stability of E+ from Theorem 3.2 in [12]. 
2. MAIN  RESULTS 
LEMMA 2.1. (See [12].) For any solution (S(t), I(t), R(t)) of (1.1), we have that 
b 
lim sup N(t) < - - .  
t--*+oc #1 
LEMMA 2.2. I f  So > S*, then, for any solution (S(t), I(t), R(t)) of (1A), we have that 
/zlb 
lim inf S(t) > - -  - vl, 
- 
l iminfI(t)  > I*e -(~2+~)h =- u2, l iminfR(t) > Au2 - - _~b,  3. 
t--*+~ t-.--*+oo #3 
PROOF. Note that from [13], we only have to show that l imin f t~+~I( t )  > u2. Let us con- 
sider any solution iS(t), I(t), R(t)) of (1.1) with initial condition (1.2). For t > 0, we define a 
differentiable function V(t) as follows: 
Si V(t) = I(t) + ~S* I(u) du. (2.1) h 
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Then, the derivative of V(t) satisfies 
V( t )  = I ( t )  + #S* I ( t )  - f lS* I ( t  - h) 
= #(S( t )  - S* ) I ( t  - h) + [flS* - (#5 + A)] l ( t )  
= f l (S ( t )  - S*) I ( t  - h), 
(2.2) 
:for t >_ 0. For any q : 0 < q < 1, we have that S* < b/(qI*fl + i~1). There exists sufficiently large 
p >_ 1 such that S* < (b/(qI*13 + #1))(1 - e -(qz*#+ua)ph) -=S A. 
We claim that it is impossible that I(t) < qI* for all t > ph. 
In fact, if I(t) _ qI* for all t >_ ph, it follows from the first equation of (1.1) that, for t > ph+h, 
S(t )  = - f lS ( t ) I ( t  - h) - # iS ( t )  + b 
>__ -q I *#S( t )  - # iS ( t )  + b 
= b - (q r# + ~l)s(t) .  
Hence, for t >_ ph + h, 
[ f ] S(t) > e -(qt'#+t~l)(t-ph-h) S(ph + h) + b e (qr#+~)(°-ph-h) dO h+h 
b ( l _ e-(qI* fl+~l)(t-ph-h) ) . 
> qI*fl + I~1 
(2.a) 
We have that, for t > 2ph + h, 
b (l_e_(qI.fl+t~l)ph) 
S(t) > qI*/3 + I~1 
= S Lx 
> S*. 
(2.4) 
Then, by (2.4), we have that, for t >_ 2ph + h, 
V( t )  = #(S( t )  - S* ) I ( t  - h) 
> fl (S a - S*)  I ( t  - h). 
Set 
i=  min I (2ph+2h+O).  
0e[-h,0] 
Now, we will show that I(t) >_ i for all t > 2ph + h. In fact, if there is a T >_ 0 such that I(t) > i 
for 2ph + h < t < 2ph + 2h + T, I(2ph + 2h + T) -- i and I(2ph + 2h + T) <_ O, we have from the 
second equation of (1.1) and (2.4) that, for t = 2ph + 2h + T, 
i(t) _ [#s(t) - (m + ~)]i 
= (m +~) [-~+~s(t)- 1]i 
> (m +~) [~-~- i] i 
>0.  
This is a contradiction to I(2ph + 2h + T) <_ O. Thus, I(t) > i for all t > 2ph + h. Therefore, for 
all t > 2ph + 2h, 
y(t) > # (s a - s*) i, 
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which implies that V(t) -* +ee as t --~ +c~. From Lemma 2.1 and (2.1), there exists a sufficiently 
large 2~ > 0 such that, for t _> T, 
V(t) <_ --b + l + ~S*h 1+ . 
~tl 
This is a contradiction to V(t) ~ +c~ as t ~ +oo. Hence, the claim is proved. 
In the rest, we are left to consider two cases: 
(i) I(t) > qI* for all large t; 
(ii) I(t) oscillates about qI* for all large t. 
We show that I(t) >_ qI*e -(~2+a)h for all large t. Clearly, we only need to consider Case (ii). 
Let tl and t2 be sufficiently large times such that 
= I(t ) = qI*, 
I(t) < qI*, (tl < t < t2). 
If t2 - tl _< h, from the second equation of (1.1), we have that 
which implies that, for t E (tl, t2), 
It is obvious that, for tl < t < t2, 
i(t) > + A)I(t) ,  
I(t) > I(t l)e -(t'2+x)(t-tl). 
I(t) > qI* e -(~+~)~ = qv2. 
If t~ - tl > h, we can easily obtain that I(t) >_ qv2 for t E [tl, tl + h]. Then, proceeding exactly 
as the proof for the above claim, we can show that I(t) >_ qv2 for tl + h < t < t2. In fact, if not, 
there exists a T* > 0 such that I(t) >_ qv2 for t~ <_ t < tl + h + T*, I (t l  + h + T*) = qv2 and 
i(t~ + h + T*) _< 0. On the other hand, we have from the second equation of (1.1) and (2.4) that, 
for t = tl + h + T*, 
t(t) >_ [as ( t )  - +  )]qu2 
= (#2 + A) [p2-~S( t )  - l] qv2 
>0.  
This is a contradiction to/~(tl + h + T*) _< 0. Therefore, I(t) >_ qv2 for t E Its, t2]. Since this 
kind of interval It1, t2] is chosen in an arbitrary way, we conclude that I(t) > qv2 for all large t 
in Case (ii). Hence, l iminft_,+~ I(t) >_ qv2. Since q (0 < q < 1) is chosen arbitrarily, let q ~ 1, 
we have that l iminft~+ooI(t) >_ u2. This proved that liminft__.+~I(t) > u2. The proof of 
Lemma 2.2 is completed. 
From Lemmas 2.1, 2.2, and Theorem 3.2 in [12], we have the following theorem. 
THEOREM 2.3. I f  SO > S*, then (1.1) is permanent for any time delay h. Furthermore, if, in 
addition, h is small enough such that 
0 <_ he (t'2+A)h < 
- ~2(S* + **)[~1(S* + I*) + b]' 
then the endemic equilibrium E+ of (1.1) is globally asymptoticM1y stabIe. 
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REMARKS. 
(1) If h = 0, we have that liminft-,+c¢ I(t) > I*. Note that the endemic equilibrium E+ of 
system (1.1) is globally asymptotically stable when So > S* and h = 0. This shows that 
the est imat ion of u2 in Lemma 2.2 is sharp for h = 0. 
(2) z/2 = I*e -(~:+)')h shows that  the t ime delay h has an effect on the permanence of sys- 
tem (1.1). 
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